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Nomenclature

Fx = volume fraction of the x component in the whole
particle

f� = portion of the � phase during the transition from the �
phase to the � phase

I� = particle’s spectral radiance
k = imaginary part of the complex refractive index

(absorption coefficient)
m = complex refractive index of the mixture
Mx = portion of the x phase in the whole particle
mx = complex refractive index of the x component
n = real part of the complex refractive index (refractive

index)
Qabs;� = absorption factor of the particle
r = radius of the particle
rL = equivalent radius of the liquid fraction of the particle
rs = equivalent radius of the solid fraction of the particle
r�s = relative crystallization-front radius
Tm = equilibrium melting temperature
Ts = crystallization-front temperature
Vx = volume of the x component
�t = time step
"� = spectral emissivity of the particle
"x = dielectric constant of the x component
" = dielectric constant of the mixture
"d = dielectric constant of the host medium

Subscripts

L = liquid phase
� = alpha phase
� = gamma phase

I. Introduction

P ARTICLE radiation is an important issue for heat transfer or
spectral radiation signal transmission in high-temperature a

combustion system such as a boiler furnace, a rocket engine
combustion chamber, and an exhaust plume [1–4]. A solid
aluminized rocket motor produces large amounts of alumina
particles, which are the main cause of the plume’s radiative
properties. When exposed to the cold environment, the cooling
alumina particles will crystallize and pass through different phase
states, and so the radiative properties of the alumina particle’s various
phase states should be considered accurately during crystallization.
Plastinin et al. [3] studied the spectral radiance of rapidly cooling
(3 � 103 K=s) melted alumina particles and indicated that the time
dependence of spectral radiative properties is obvious during their
crystallization processes and that the effects of equilibrium and
nonequilibrium crystallization processes are important in the
simulation of the solid propellantmotor plume’s radiative properties.
Rodionov et al. [4] simulated alumina particles’ phase transitions and
undercooling phenomena in the plume flowfields. Gosse et al. [5]
indicated that the morphological and structural properties of Al2O3

particles are the important parameters to the plume thermal radiation.
Burt and Boyd [6] presented that the crystallization process of the
particles becomesmore importantwithin the plume near-field region.
In literature [7], it is concluded that the particles’ morphology and
nature (e.g., phase) directly impact their optical properties and
indirectly impact their particle-size measurement.

Because of important effects of the phase transition of alumina
particles on radiation characteristics of solid propellant motor
exhaust, this Note analyzes the experiment results of the Al2O3

particles’ phase transition and simulates the time dependence of the
volume fraction of theAl2O3 particles, with each phase based on the
kinetic equation of the Al2O3 particles’ crystallization process
(liquid—� phase—� phase). Two kinds of models are built up
based on two possible solidification modes, including the
multilayered sphere model and the effective-medium sphere model.
In the multilayered sphere model, the light-scattering subroutine for
n-layered spheres [8] is used to calculate absorption and scattering
parameters of Al2O3 particles. In the effective-medium sphere
model, several appropriate mixing rules of effective-medium theory
(EMT), such as the volume-average dielectric constant (VADC),
the volume-average refractive index (VARI), the Bruggeman
mixing rule, and the Maxwell–Garnett (M–G) mixing rule, are
chosen to calculate the effective optical constants of Al2O3

particles, and the absorption and scattering parameters are
calculated by Mie theory.

II. Phase-Transformation Kinetics
of Alumina Particles

In the solidification of the liquid alumina particle in rocket exhaust
plume, it is most likely to evolve into the gamma � phase. Then, if
there is sufficient time, it may progress through other phases (delta
and theta) until it finally transforms into the stable alpha � phase [9].
In this Note, we simplified the solidification process, and only the
transformation process of the three phase states (liquid, gamma, and
alpha) is studied.

Received 17 May 2007; revision received 27 June 2007; accepted for
publication 4 July 2007. Copyright © 2007 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay the
$10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood
Drive, Danvers, MA 01923; include the code 0887-8722/08 $10.00 in
correspondence with the CCC.

∗Associate Professor, School of Energy Science and Engineering, 92West
DaZhi Street.

†Graduate Student, School of Energy Science and Engineering, 92 West
DaZhi Street.

‡Professor, School of Energy Science and Engineering, 92 West DaZhi
Street; tanheping77@yahoo.com.cn.

JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 22, No. 1, January–March 2008

121

http://dx.doi.org/10.2514/1.32202


A. Kinetics Process of Liquid-to-Gamma-Phase Transition

As the temperature decreases in the plume, the Al2O3 particles
experience the liquid–solid transition. It is a nonequilibrium process,
and the recession of the crystallization front is described by the
equation [3]

rs�dr�s =dt� � �a��Tm � Ts�1:8 (1)

where t is time, a� � 0:64 � 10�6 m=s � K1:8, Tm is the equilibrium
melting temperature taken as Tm � 2327 K, Ts is the crystallization-
front temperature , Ts � 2273 K [10], rs is the equivalent radius of
the solid fraction of the particles, and r�s is the relative crystallization-
front radius. The particle in the liquid state is denoted by r�s � 1, and
r�s � 0 corresponds to the solid state. If the particle is in the
transitional states, 0< r�s < 1.

B. Kinetics Process of Gamma-to-Alpha-Phase Transition

The process of transition between the � phase and � phase begins
as soon as the � phase has appeared. To determine the portion of �
phase f� during the transition from the � phase to the � phase, the
following equation was applied [3]:

d f�=dt� a� � exp��b�=T� (2)

where a� and b� are empirical coefficients, b� � 58; 368 K, and
a� � 1:5 � 1012 1=s. The particle’s temperature T is constant during
the transition process: T � 2310 K [11].

From literature [3,4], the portion of the � phase �M�� and � phase
(M�) in the whole particle would be defined by the following
equations:

M� � �1 �ML��1 � f��; M� � �1 �ML�f� (3)

M� � �1 � �r�s �3��1 � f��; M� � �1 � �r�s �3�f� (4)

C. Volume Fraction of Each Phase in the Process of Phase Transition

In the process of liquid–solid transition, the function between the
radius of solid fraction rs and the radius r of the particle is deduced:

rs �
���������������
r3 � r3L

3

q
(5)

where rL is the equivalent radius of the liquid fraction of the particle.
Based on Eqs. (3) and (4), the expression for the relative

crystallization-front radius r�s can be deduced:

r�s �
rL
r

(6)

This expression satisfies the condition for r�s . By substituting Eqs. (5)
and (6) into Eq. (1), the function of rL is deduced:����������������������

1 �
�
rL
r

�
3

3

s
�drL=dt� � �a��Tm � Ts�1:8 (7)

Solving this equation with the fourth-order Runge–Kutta method,
the radius of liquid Al2O3 at each time point can be achieved, and
then the volume of liquid Al2O3 is obtained. The time step is a fixed
step (�t� 0:002 s).

During the phase transition, the liquid phase is first transformed to
a metastable � phase. Basing on the kinetic equation for a first-order
reaction, the transition from � to � phase happens at the same time.
The volume of new �-phase Al2O3 in an arbitrary time step can be
expressed as

�V��t� � �	VL�t��t� � VL�t�
 (8)

The volume of a new �-phase Al2O3 in the same time step is
expressed as

�V��t� � V��t��t� � f���t� (9)

and so the volume of � phase at time t is deduced

V��t� � V��t��t� ��V��t� ��V��t� (10)

and the volume of � phase at time t is deduced:

V��t� � V��t ��t� ��V��t� (11)

When the time dependence of the volume for three phase states is
known, the volume fraction for these phase states (FL,F� , andF�) at
every time point can be calculated; results are shown in Fig. 1.

III. Time-Dependence Modeling of Alumina Particles’
Spectral Radiance in Phase Transitions

Suppose that the Al2O3 particle is a diffuse object, then the
function for the particle’s spectral radiance can be deduced:

I� �
"�Eb�
�
� "�

c1�
�5

exp	c2=��T�
 � 1
� 1
�

(12)

The spectral emissivity "� of a big spherical particle is equal to its
absorption factor Qabs;�, which can be calculated by Mie theory:

"� �Qabs;� (13)

The solidification process of an Al2O3 particle is very complex.
Two possible solidification modes are assumed in this Note, which
are layer-by-layer solidification and normal solidification. On the
basis of two possible solidification modes, two kinds of models are
built up, described next.

A. Multilayered Sphere Model

In this model, the solid zone moves from the surface to the core in
melted Al2O3 particles under the cold environment, and so the
solidification is assumed to be in layer-by-layer mode. We assume
that the geometry of this model is a core of liquid Al2O3 sphere
surrounded by two concentric spherical layers that are in � and �
phases from the outside to inside. The schematic diagram of this
model is shown in Fig. 2. As the phase transitions go on, the volume
of the three components changes based on Eqs. (2) and (7–11). The
absorption and scattering factors of the three-layered sphere are
calculated by use of the light-scattering subroutine for n-layered
spheres [8], and the temperature of the Al2O3 particle stays constant
(T � 2310 K) during this stage [11]. Then the spectral radiance
during the particle’s phase transition is calculated by a combination
of Eqs. (12) and (13).

B. Effective-Medium Sphere Model

In the effective-medium sphere model, the region of solidification
exists in nearly the whole particle; that is, the transitions of different
phases happen throughout the particle simultaneously. The
schematic diagram of this model is shown in Fig. 3. The temperature
of the Al2O3 particle also stays constant (T � 2310 K) in the
modeling stage. Because the solidification mode is different, the
morphology of themixture is different from the three-layered sphere.
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Fig. 1 Volume fractions of liquid, gamma, and alpha alumina.
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Then EMT is applied to calculate effective optical constants
[complex refractive index m�n; k� and complex dielectric constant
"�"0; "00�] for this multiphase Al2O3 particle. In this model, several
different mixing rules [12] are adopted, including the the VADC,
VARI, Bruggeman mixing rule, and M–G mixing rule.

The volume-average dielectric constant and the volume-average
refractive index are defined as follows:

"�
Xk
x�1

"xFx (14)

m�
Xk
x�1

mxFx (15)

The Maxwell–Garnett mixing rule is defined as

"� "d
"� 2"d

�
Xk
x�1

Fx
"x � "d
"x � "d

(16)

where "d is the dielectric constant of the host medium. In this Note,
the phase state with the maximum volume fraction during the phase
transition is taken as the host medium.

The Bruggeman mixing rule formula is expressed as

Xk
x�1

Fx
"x � "
"x � 2"

� 0 (17)

For the relation of refractive index and dielectric constant,

"0 � n2 � k2 (18)

"00 � 2nk (19)

The volume fraction Fx of the x component is deduced from Eqs. (2)
and (7–11); when Eqs. (14), (16), and (17) are applied, the dielectric
constant of each component can be calculated by the corresponding
complex refractive index. Then the time dependence of the
absorption factor and the spectral radiance can be achieved by Mie
theory and Eqs. (12) and (13).

IV. Results and Discussion

The spectral radiance of alumina particles with a diameter of
1.2 mm is calculated in the phase transition, and the wavelengths are
chosen as 0.35, 0.40, 0.45, and 0:50 �m. The complex refractive
indices at these wavelengths are shown in Tables 1 and 2 . The
wavelength has little influence on the real part (refractive index) of
complex refractive index, and so the refractive index in this Note is
only changed with phases.

The results are shown in Figs. 4–7, in which “Core/Shells”
corresponds to the results of the multilayered sphere model, and the
others correspond to the results of the effective-medium sphere
model with different mixing rules. It can be summarized that the
present results show a trend similar to the experimental data [11]. But
the results of multilayered sphere model have distinct discrepancy
with the experimental results. The reason is that the solidification
mode in themultilayered spheremodel is too coarse. Experimentally,
there are many factors influencing the crystallization process, and so
there is not an exact geometry for the morphology of the
experimental particle during the phase transition. The appropriate
mixing rules are required for this complex morphology, and several
mixing rules based on effective-medium theory are used in the
effective-medium spheremodel. The results of the effective-medium

Fig. 2 Schematic diagram of multilayered sphere model.

Fig. 3 Schematic diagram of effective-medium sphere model.

Table 1 Refractive index of alumina particles

Phase Liquid Gamma Alpha

�� 0:35, 0.40, 0.45, and 0:50 �m 1.744 [13] 1.65 [9] 1.78 [9]

Table 2 Absorption coefficient of alumina particles

Phase Liquid Gamma Alpha

�� 0:35 �m 2:002034E � 3 [14] 1:05E � 4 [11] 6:28455E � 06 [14]
�� 0:40 �m 8:1079E � 4 [14] 2:38097E� 04 [14] 2:52970E � 06 [14]
�� 0:45 �m 6:30863E � 04 [14] 3:33176E� 04 [14] 2:352E � 06 [14]
�� 0:50 �m 5:92183E� 4 [14] 2:70964E� 04 [14] 1:75900E � 06 [14]

Time t, s

I
/W

*c
m

-2
*u

m
-1

*s
r-1

0.0 0.1 0.2 0.3
0.00

0.01

0.02

0.03

0.04 0.20 0.22 0.24
0.015

0.020

0.025

Core/Shells
[11]
VADC
VARI
Bruggeman
M-G

λ

Fig. 4 Spectral radiance during the phase transition, �� 0:35 �m.
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sphere model show satisfactory agreement with the experimental
data [11].

V. Conclusions

Based on the crystallization kinetic equation, two kinds of models
are built up to calculate the transient spectral radiative properties of
Al2O3 particles during phase transition, including the multilayered

spheremodel and the effective-medium spheremodel. By comparing
the present results with experimental data, it is found that more
discrepancies exist between the results of the multilayered sphere
model and experiment data, although the result of the effective-
medium sphere model shows better agreement with the experimental
data. So it is concluded that the morphology of the mixture should be
considered in the modeling of transient radiative properties ofAl2O3

particles with phase transition.
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Fig. 5 Spectral radiance during the phase transition, �� 0:40 �m.
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Fig. 6 Spectral radiance during the phase transition, �� 0:45 �m.
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